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Abstract
The U(1) gauged version of the Strominger-Vafa five dimensional N = 2
supergravity with one vector multiplet is obtained via dimensional reduction
from the N = 1 ten dimensional supergavity. Using such explicit relation
between the gauged supergravity theory and ten dimensional supergravity,
all known solutions of the five dimensional theory can be lifted up to ten-
dimensions. The eleven dimensional solutions can also obtained by lifting
the ten-dimensional solutions.
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1 Introduction
Recently, there has been renewed activities in the study of gauged super-
gravity in various dimensions as well as in their solutions. This, to a large
extent, is motivated by the conjectured equivalence between string theory
on anti-de Sitter (AdS) spaces (times some compact manifold) and certain
superconformal gauge theories living on the boundary of AdS [1]. The theo-
ries of extended supergravity in various dimensions possess rigid symmetries.
A subgroup of these symmetries can be gauged by the vector fields present
in the ungauged theory. Gauged supergravity theories exist in space-time
dimensions where supersymmetry allows the existence of a cosmological con-
stant. In D = 11, D = 10 and D = 9, a cosmological constant is not
possible.
In five dimensions, N = 2 supergravity theories can be obtained by gaug-
ing the U(1) subgroup of the SU(2) automorphism group of the N = 2
supersymmetry algebra, thus breaking SU(2) down to the U(1) group. The
U(1) gauge field introduced to gauge the theory can be taken as a linear
combination of the abelian vector fields of the ungauged theory with a cou-
pling constant g. The additional couplings of the fermi-fields of the ungauged
theory to the U(1) gauge vector field breaks supersymmetry which necessi-
tates the addition of g-dependent gauge invariant terms in order to restore
N = 2 supersymmetry. The purely bosonic terms added produce the scalar
potential of the theory [2].
Gauged supergravity can be obtained by compactifying higher dimen-
sional supergravity on a group manifold. It is usually difficult to find a con-
sistent ansatz for the compactification1. In particular it was shown recently
[4] that the Freedman-Schwarz [5] gauged N = 4 supergravity can be ob-
tained by compactifying ten dimensional supergravity on the SU(2)×SU(2)
group manifold. The difficulty arises because one has to identify the vector
fields coming from the compactification of the metric with the vector fields
coming from the antisymmetric tensor. The vector fields coming from com-
pactifying the metric on a group manifold behave properly as SU(2)×SU(2)
gauge fields. The components of the antisymmetric tensor do not usually be-
have like SU(2)× SU(2) gauge fields, and for this to happen a very precise
1see [3] and references therein.
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form for the ansatz of the antisymmetric tensor must be taken. This prescrip-
tion also works in obtaining D = 7 gauged supergravity by compactifying ten
dimensional supergravity on SU(2) group manifold as was recently shown in
[6]. In a related matter, there are now many known black hole solutions for
gauged D = 5 supergravity [7, 8, 9, 10]. These solutions could be promoted
to solutions of ten and eleven dimensional supergravity if one can embed the
five dimensional supergravity in the higher dimensional ones.
It is our purpose in this paper to show that by compactifying and trun-
cating D = 10 supergravity to D = 5 on an SU(2)× U(1)2 group manifold
one obtains a gauged D = 5 supegravity theory with one vector multiplet.
The solutions for this model can then be lifted to seven, ten and eleven di-
mensions. This work is organized as follow. In section two, it is shown how
to reduce D = 10 supergravity to a particular gauged N=2 five dimensional
supergravity theory coupled to one vector multiplet. The gauged theory ob-
tained is the U(1) gauged version of the model introduced by Strominger
and Vafa[11]. The five dimensional model obtained is then reformulated in
the framework of very special geometry in section three. Some particular
solutions of the five dimensional theory, as examples, are lifted to seven, ten
and eleven dimensions in section four. Finally our results are summarized
and discussed.
2 A D = 5 Gauged Supergravity From D = 10
Supergravity
In this section we consider the dimensional reduction of D = 10 supergravity
down to N = 2, U(1) gauged D = 5 supergravity coupled to one vector mul-
tiplet. First, the bosonic part of N = 1 supergravity action in ten dimensions
is
S10 =
∫
eˆ
(
−1
4
Rˆ +
1
2
∂M φˆ ∂
M φˆ+
1
12
e−2φˆHˆMNP Hˆ
MNP
)
d4x d6z
≡ SGˆ + Sφˆ + SHˆ . (1)
The notation used in this paper is as follows. We denote ten-dimensional
quantities by hatted symbols. Base and tangent space indices are denoted
by late and early capital Latin letters, respectively. For the four-dimensional
space-time, we use late and early Greek letters, respectively, to denote base
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space and tangent space indices. Similarly, the internal base space and tan-
gent space indices are denoted by late and early Latin letters, respectively.
{M} = {µ = 0, . . . , 3; m = 1, . . . , 6}, {A} = {α = 0, . . . , 3; a = 1, . . . , 6}.
(2)
The general coordinates xˆM consist of spacetime coordinates xµ and internal
coordinates zm. The flat Lorentz metric of the tangent space is chosen to be
(+,−, . . . ,−) with the internal dimensions all spacelike. Thus the metric is
related to the vielbein by
gˆMN = ηˆAB eˆ
A
M eˆ
B
N = ηαβ eˆ
α
M eˆ
β
N − δabeˆaM eˆbN , (3)
and the antisymmetric tensor field strength is
HˆMNP = ∂M BˆNP + ∂N BˆPM + ∂P BˆMN . (4)
The coordinates zm span the internal compact group space. Thus we intro-
duce the functions Uam(z) which satisfy the condition [12]
(
U−1
) m
b
(
U−1
) n
c
(∂mU
a
n − ∂nUam) =
fabc√
2
, (5)
Here fabc are the group structure constants and the internal space volume is
Ω =
∫ |Uam|d6z. In the maximal case, i. e., SU(2) × SU(2), each S3 factor
admits invariant 1-form θa = θai dz
i, which satisfies
dθa +
1
2
ǫabcθ
b ∧ θc = 0. (6)
If one chooses
Uam ≡ Uai = −
√
2
g
θai , (7)
where g is a coupling constant, then the structure constants will be given
in terms of the coupling constant by fabc = gǫabc. For the case where the
coupling constant of one of the SU(2) factors vanishes, the internal space
becomes the group manifold SU(2)× [U(1)]3.
Our ansatz for the reduction to five dimensions is given by the following
parameterization of the vielbein
eˆAM =
(
e
5
6
φˆeαµ
√
2Aaµe
− 1
2
φˆ
0 e−
1
2
φˆUam
)
. (8)
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Here the function U depends only on the internal coordinates (5, · · · , 9). As
an internal space we take the group manifold SU(2) × [U(1)]2, this means
that the following choice for the structure constants is taken,
fmnp = gǫmnp, m, n, p = 5, 6, 7,
fmnp = 0, m, n, p = 8, 9 (9)
The SGˆ term of D = 10 supergravity gives upon reduction, the following
D = 5 Lagrangian
L5G = e
(
−1
4
R− 1
8
e−
8
3
φˆF aµνF
µνa +
5
6
gµν∂µφˆ∂ν φˆ+
3g2
16
e
8
3
φˆ
)
(10)
F aµν = ∂µA
a
ν − ∂νAaµ + fabcAbµAcν (11)
This is obtained by using the general formula of Scherk and Schwarz [12] for
reducing gravity from higher dimensions. For the antisymmetric tensor, we
take the ansatz
Bˆµν = Bµν , Bˆµm = − 1√
2
AaµU
a
m(z), Bˆmn = B˜mn(z) (12)
such that Hˆmnp =
1
2
√
2
fmnp. To evaluate HˆMNP Hˆ
MNP we first define
HˆABC = eˆ
M
A eˆ
N
B eˆ
P
CHˆMNP .
A direct substitution of the ansatz (8) and (12) gives
Hˆαβγ = e
− 5
2
φˆeµαe
ν
βe
ρ
γH
′
µνρ,
Hˆαβc =
1√
2
e−
7
6
φˆeµαe
ν
βF
a
µν ,
Hˆαbc = 0,
Hˆabc =
1
2
√
2
fabc
where
H ′µνρ = Hµνρ − ωµνρ,
ωµνρ = −6(Aa[µ∂νAaρ] +
1
3
fabcA
a
µA
b
νA
c
ρ). (13)
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These results are a very strong consistency checks on the ansatz, especially
in the form of H ′µνρ and Hˆαβc. We now have
L5B = e
(
1
12
e−
16
3
φˆH ′µνρH
′µνρ − 1
8
e−
8φˆ
3 F aµνF
µνa − g
2
16
e
8
3
φˆ
)
. (14)
The scalar part of D = 10 supergravity, gives the following contribution
to the five dimensional theory
L5S = e
2
∂µφˆ∂
µφˆ. (15)
Therefore, combining all terms, the five dimensional theory is described by
the Lagrangian
L5 = e
(
−1
4
R− 1
4
e−
8φˆ
3 F aµνF
µνa +
4
3
gµν∂µφˆ∂ν φˆ+
1
12
e−
16φˆ
3 H ′µνρH
′µνρ +
g2
8
e
8φˆ
3
)
.
(16)
Since the potential of the resulting theory depends only on one scalar
field, a consistent truncation can be achieved by setting all gauge fields but
one to zero. Therefore the index a in the above Lagrangian will take one
value. In order to compare with the standard Lagrangian, we multiply our
Lagrangian by a factor of 2. Therefore the resulting N = 2 five dimensional
theory is described by the Lagrangian
L5 = e
(
−1
2
R− 1
2
e−
8φˆ
3 F 1µνF
µν1 +
8
3
gµν∂µφˆ∂ν φˆ+
1
6
e−
16φˆ
3 H ′µνρH
′µνρ +
g2
4
e
8φˆ
3
)
,
(17)
where ωµνρ = −6A1[µ∂νA1ρ] in H ′µνρ. We now apply a duality transformation
by adding to the above Lagrangian the term
−1
3
ǫµνρσκ∂µA
0
νHρσκ.
Integrating A0ν forces Hµνρ to be of the form 3∂[µBνρ ] giving the five di-
mensional theory with the Bµν field. On the other hand by integrating the
independent fieldHµνρ in the path integral as it appears linearly and quadrat-
ically is equivalent to the substitution
Hµνρ = ωµνρ + e
16
3
φˆǫ σκµνρ ∂σA
0
κ.
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This gives the dual Lagrangian
L5 = e
(
−1
2
R− 1
2
e−
8φˆ
3 F 1µνF
µν1 − 1
2
e
16φˆ
3 F 0µνF
µν0 +
8
3
gµν∂µφˆ∂ν φˆ
+
e−1
2
ǫµνρσλF 1µνF
1
ρσA
0
λ +
g2
4
e
8φˆ
3
)
. (18)
where 0 and 1 are to label the graviphoton and the additional vector multiplet
gauge fields respectively. This is the gauged U(1) five dimensional N = 2
supergravity with one vector multiplet. It is the gauged version of the five
dimensional theory initially introduced by Strominger and Vafa [11].
We close this section by noting that it is possible to obtain D = 5 gauged
supergravity from D = 7 gauged supergravity. In a recent work we have
derived D = 7 gauged supergravity by compactifying D = 10 on an SU(2)
group manifold [6]. The Lagrangian in seven dimensions is given by
L7 = e
(
−1
4
R− 1
4
e−
8
5
φˆF aMNF
MNa +
4
5
gMN∂M φˆ∂N φˆ+
1
12
e−
16
5
φˆH ′MNPH
′MNP +
g2
8
e
8
5
φˆ
)
.
This is reduced and truncated to D = 5 gauged supergravity by taking the
following ansatz
eAM =
(
e
8
15
φˆeαµ 0
0 e−
4
5
φˆδim
)
, m = 5, 6.
as well as Bµm = 0 and A
a
m = 0. One can easily show that the reduced
Lagrangian is given by (16)
3 Embedding Into Very Special Geometry
The solutions of five dimensional N = 2 supergravity theory with vector
multiplets theory have been discussed within the framework of very special
geometry [7, 8, 9, 10]. Therefore, before we discuss solutions of the five
dimensional theory and their embedding into ten dimensional supergravity
and M-theory, it is essential to consider our compactified Lagrangian in this
framework.
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A class of five-dimensional N = 2 supergravity coupled to abelian vector
supermultiplets can be obtained by compactifying eleven-dimensional super-
gravity, the low-energy theory of M-theory, on a Calabi-Yau three-folds [13].
The massless spectrum of the theory contains (h(1,1) − 1) vector multiplets
with real scalar components, and thus h(1,1) vector bosons (the additional
vector boson is the graviphoton). The theory also contains h(2,1) + 1 hyper-
multiplets, where h(1,1) and h(2,1), are the Calabi-Yau Hodge numbers.
The bosonic part of the effective gauged supersymmetric N = 2 La-
grangian which describes the coupling of vector multiplets to supergravity is
given by [2]
L = e
(
1
2
R + g2V − 1
4
GIJFµν
IF µνJ − 1
2
Gij∂µφi∂µφj + e
−1
48
ǫµνρσλCIJKF
I
µνF
J
ρσA
K
λ
)
,
(19)
R is the scalar curvature, F Iµν are the Abelian field-strength tensor, V is the
potential given by
V (X) = VIVJ
(
6XIXJ − 9
2
Gij∂iXI∂jXJ
)
, (20)
where XI represent the real scalar fields which have to satisfy the constraint
V = 1
6
CIJKX
IXJXK = 1 . (21)
Also:
GIJ = −1
2
∂I∂J logV
∣∣∣V=1 , Gij = ∂iXI∂jXJGIJ
∣∣∣V=1 , (22)
where ∂i refers to a partial derivative with respect to the scalar field φ
i. The
physical quantities in (19) can all be expressed in terms of the homogeneous
cubic polynomial V.
Further useful relations are
∂iXI = −2
3
GIJ∂iX
J , XI =
2
3
GIJX
J . (23)
It is worth pointing out that for Calabi-Yau compactification, V is the inter-
section form, XI and XI =
1
6
CIJKX
JXK correspond to the size of the two-
and four-cycles and CIJK are the intersection numbers of the Calabi-Yau
threefold.
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A very useful relation of very special geometry is
Gij∂jXI∂jXJ = GIJ − 2
3
XIXJ . (24)
The potential can also be written as
V (X) = 9 VIVJ
(
XIXJ − 1
2
GIJ
)
. (25)
The Lagrangian (18) correspond to the following identifications2
G00 = 2e
16φˆ
3 , G11 = 2e
−8 φˆ
3 ,G11 = 16
3
, C011 = 8.
In order to determine the XI , we use the relations (23) together with
XIX
I = 1, this gives X0 = c1e
−8 φˆ
3 , X1 = c2e
4 φˆ
3 . Upon using (24) and the
above identification we get c1 =
1
2
, c2 =
1√
2
. Finally, from the expression of
the potential one obtains that V0 = 0, V1 =
1
3
. Therefore we have
X0 =
1
2
e−8
φˆ
3 , X1 =
1√
2
e4
φˆ
3 , X0 =
2
3
e8
φˆ
3 , X1 =
2
√
2
3
e−4
φˆ
3 .
4 Lifting Solutions to ten and eleven dimen-
sions
Our previous results suggest that any solution of gauged supergravity in
seven and five dimension given in terms of the metric, gauge field and scalar
fields can be lifted to ten dimensions as a solution of N = 1 ten dimen-
sional supergravity. By also noting the relation between the ten and eleven
dimensional theory, one can then lift all solutions to eleven dimensions.
To lift the solutions to ten dimensions we have to express the ten dimen-
sional fields in terms of five dimensional ones. To start with we write the ten
dimensional metric as
gˆµν = e
5
3
φˆgµν − 2e−φˆAaµAaν ,
gˆµm = −
√
2e−φˆAaµU
a
m (z) ,
gˆmn = −e−φˆUam (z)Uan (z) .
2note that the sign difference of the kinetic terms is due to using a different metric
signature
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The five dimensional model is given in terms of X0, X1, A0µ and A
1
µ. Since A
0
µ
is the dual of Bµν we first evaluate
H ′µνρ = Hµνρ − ωµνρ = e
16
3
φˆǫ σκµνρ ∂σA
0
κ.
Or in terms of the ten dimensional fields
Hˆαβγ = e
− 5
2
φˆeµαe
ν
βe
ρ
γH
′
µνρ = e
17
6
φˆǫ
δη
αβγ e
σ
δ e
κ
η∂σA
0
κ,
Hˆαβc =
1√
2
δ1ce
− 7
6
φˆeµαe
ν
βF
1
µν .
The dilaton field is determined from the solution to X0 and X1.
4.1 Electrically charged solutions
The spherically symmetric BPS electric solutions as well as magnetic string
solutions were obtained in [7, 9] by solving for the vanishing of the gravitino
and gaugino supersymmetry variation for a particular choice of the super-
symmetry parameter. These are given by
ds2 = −V−4/3(1 + g2r2V2)dt2 + V2/3
[
dr2
1 + g2r2V2 + r
2(dθ2 + sin2 θdφ2 + cos2 θdψ2)
]
F Itm = −∂m(V−1Y I) ,
V = 1
6
CIJKY
IY JY K ,
1
2
CIJKY
JY K = HI = 3VI +
qI
r2
(26)
where
Y I = V 23XI , YI = V 13XI , V = e3U
Let us go back to the solutions of our five dimensional gauged theory
with one vector multiplet. As for the electric solutions, we have the following
equations
V = 1
2
C011Y
0Y 1Y 1 = 4Y 0(Y 1)2,
1
2
C011(Y
1)2 = 4(Y 1)2 = H0 =
q0
r2
,
C110Y
1Y 0 = 8(Y 1)Y 0 = H1 = 1 +
q1
r2
. (27)
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This gives
Y 0 =
r
4q
1
2
0
(
1 +
q1
r2
)
,
Y 1 =
q
1
2
0
2r
,
V = q
1
2
0
4r
(
1 +
q1
r2
)
.
The metric depends only on V. The gauge field strengths are given by
F 0tr = −∂r(V−1Y 0) = −
2r
q0
,
F 1tr = −∂r(V−1Y 1) = −
4q1
r3
(
1 + q1
r2
)2 . (28)
To lift our solution to ten dimensions first we write
Y 0 = V 13X0, Y 1 = V 13X1,
from which we deduce that
X0
X1
=
Y 0
Y 1
=
1√
2
e−4φˆ =
r2
2q0
(
1 +
q1
r2
)
.
The gauge fields are
A0t =
r2
q0
, A1t =
2
1 + q1
r2
.
The ten dimensional metric is then
dsˆ2 = e
5
3
φˆ
(
−V−4/3(1 + g2r2V2)dt2 + V2/3
[
dr2
1 + g2r2V2 + r
2(dθ2 + sin2 θdφ2 + cos2 θdψ2)
])
+e−φˆ
(
q0
2r2V2dt
2
)
+ e−φˆ
(√
2q0
rV U
1
m (z) dtdz
m
)
+ e−φˆUam (z)U
a
n (z) dz
mdzn,
10
where V = q
1
2
0
4r
(
1 + q1
r2
)
. The non vanishing components of the field strength
of the antisymmetric tensor BMN are
Hˆ234 = e
17
6
φˆet0e
r
1∂rA
0
t =
q
7
8
0
2
5
16 r
7
4
(
1 + q1
r2
) 3
8
,
Hˆ015 = − 1√
2
e−
7
6
φˆet0e
r
1∂rA
1
t = −
2
11
16 q1
q
1
8
0 r
11
4
(
1 + q1
r2
) 11
8
,
Hˆ567 =
g
2
√
2
.
4.2 Magnetic solutions
Here we will discuss the magnetic string solution found in [9]. This is given
by the metric
ds2 = (gr)
1
2 e−
3U
2 (−dt2 + dz2) + e2Udr2 + r2
(
dθ2 + sin2 θdφ2
)
e−U =
1
3gr
+ gr. (29)
The gauge fields are given by AIφ = −qI cos θ and the scalar fields and the
magnetic charges satisfy
XIVI = 1, 3gq
IVI = 1. (30)
As for the magnetic solution of our model one finds that
X0 =
1
36
, X0 = 12, X
1 = 3, X1 =
2
9
, e
4φˆ
3 = 3
√
2. (31)
The above solution can be lifted to ten dimensions and we get
dsˆ2 = (18)
5
8
(
(gr)
1
2 e−
3U
2 (−dt2 + dz2) + e2Udr2 + r2
(
dθ2 + sin2 θdφ2
))
+2 (18)−
1
8 q21 cos
2 θdφ2 − 2 34 (18)− 18 q1 cos θU1m (z) dφdzm
+ (18)−
1
8 Uam (z)U
a
n (z) dz
mdzn.
11
Hˆ012 = e
17
6
φˆeθ3e
φ
4∂θA
0
φ = 18
17
48
q0
r2
.
We note that the numerical factors for the solution can be absorbed by
rescaling the coordinates and the charge q1. More solutions found in [10] can
also be lifted.
To lift these solutions further to eleven dimensions we have to first write
the dimensional reduction of eleven dimensional supergravity to N = 1 ten
dimensional supergravity. These are [14]
EAM = e
− 1
6
φˆeˆAM , E
11
.
11
= e
4
3
φˆ, A
MN
.
11
= BˆMN
and the eleven dimensional metric is related to the ten dimensional one by
ds2(eleven) = e−
1
3
φˆdsˆ2 + e
8
3
φˆ
(
dx11
)2
.
The non vanishing components of the antisymmetric tensor field-strengths
are
F
MNP
.
11
= HˆMNP .
The lifting of solutions from five to seven dimensions is very simple. We
write
ds27 = e
16
15
φˆds25 + e
− 8
5
φˆ
((
dx5
)2
+
(
dx6
)2)
.
5 Conclusions
In this work we have shown that it is possible to obtain U(1) gauged N = 2
five dimensional supergravity interacting with one vector multiplet by com-
pactifying and truncating ten dimensional supergravity on the group man-
ifold SU(2)× U(1)2. The model obtained is the gauged version of the su-
pergravity model introduced by Strominger and Vafa. Using the relation
between the higher dimensional fields and the lower ones, it becomes possi-
ble to lift known solutions such as black holes, string solutions and domain
walls of the five dimensional theory to seven, ten and eleven dimensional su-
pergravity theories to ten and eleven dimensions. Some known electric and
magnetic solutions for our gauged D = 5 supergravity compactified model,
formulated in the framework of special geometry, were lifted to higher di-
mensions. Such solutions are not easy to find directly by studying the seven,
12
ten and eleven dimensional supergravity theories. At this stage it would
be useful to study some of the properties of these solutions and give their
interpretation in terms of D-brane and M-theory dynamics.
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